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The subject work [1] uses the standard Pinchuk map as an example. The map is the simplest in a family of
counterexamples discovered by Pinchuk [6]. It is a polynomial map of the real plane to itself, F = (P, Q),
deg P = 10 and deg Q = 25, whose Jacobian determinant is nowhere equal to 0, and which is neither injective
nor surjective. The complement of the range of F is finite, and the article claims that it consists of the points
(0, 0), (0, 208), (−1,−163/4) and a point that is approximately (−0.668,−22.164). That is incorrect. In fact F
omits only the two points (0, 0) and (−1,−163/4).
The rational parameterization x(h) = (c−h)(h+1)
(c−2h−h2) , y(h) = (c−2h−h
2)2(c−h−h2)
(c−h)2 given for fibers P = c, c not equal
to −1 or 0, contains a typographical error: the denominator of the expression for x should be squared. The correct
parameterization was, however, used to compute the central data structure for determining the omitted points of F ;
that was a table listing the ranges of Q on all components of all fibers P = c. The original table used an odd notation:
(a, b) was an open interval, but could be written either as (a, b) or (b, a). The following is a slight revision of that
table in which all intervals are in canonical form; that is, as (a, b) with a < b. The simplification was possible once it
was realized that q+ is always less than q− for c > −1 (q+ and q− are defined in the legend of Table 1.).
Table 1 shows clearly that the point (0, 208) belongs to the image of F , because the interval (0,+∞) is the range
of Q on one of the five components of P = 0. The error was an oversight. The point with approximate coordinates
(−0.668,−22.164) is a phantom point; it was computed erroneously and presupposed that q+ = q− at a value of c
close to −0.668.
These errors were reported and corrected in a talk delivered at a conference inMay 1997. The full article is available
online in the proceedings and as an archived document [2,3].
Fig. 1 shows V , the asymptotic variety of F ; nowadays, this would usually be called ‘the set of points at which F
is not proper’ [4,5].
The figure has been labeled to show that the upper portion of V is the graph of q−, and the lower portion that
of q+. The omitted points (−1,−163/4) and (0, 0) are the left tip of V and the origin. Every other point in V has
exactly one inverse image. Every point in the complement of V has exactly two inverse images. The complement
of V consists of two simply connected domains, say U and W . The complement of F−1(V ) consists of four simply
connected domains. Each such domain maps diffeomorphically onto either U or W ; two onto U and two onto W .
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Table 1
Ranges of Q on fibers P = c for Pinchuk’s map
P = c Ranges of Q on the components
c > 0 (−∞, q+), (q+, q−), (q−,+∞), (−∞,+∞)
c = 0 (0, 208), (−∞, 0), (0,+∞), (−∞, 0), (208,+∞)
−1 < c < 0 (−∞, q+), (q+,+∞), (−∞, q−), (q−,+∞)
c = −1 (−∞,−163/4), (−∞,−163/4), (−163/4,+∞), (−163/4,+∞)
c < −1 (−∞,+∞), (−∞,+∞)
(a, b) denotes the open interval from a to b, with a < b; q + (q−) = the value of Q at h = −1+√1+ c (resp.,−1−√1+ c).
Fig. 1. The asymptotic variety of Pinchuk’s map.
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